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Abstract. In [9] Híc and Pokorný described the method which helped them to find four 
integral trees of diameter 7. These trees were the first known integral trees of diameter 7. The 
method was based on joining the centres of two integral trees of diameter 3 by an edge. In this 
paper we explain that similar method could not be used to find an integral tree of diameter 9. 
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1. Introduction 

The notion of integral graphs was introduced by F. Harary and A. J. Schwenk in 1974 (see 
[4]). A graph G is called integral if all the zeros of the characteristic polynomial P(G,x) are 
integers. Because the problem of characterizing integral graphs seems to be difficult, some 
authors restrict their investigations to trees. Results on integral trees of diameter k where 2 ≤ k 
≤ 10 can be found in [1, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15]. From these papers follows that 
integral trees of diameters 1, 2, 3, 4, 5, 6, 7, 8 and 10 can be constructed. But there is no 
integral tree of diameter 9. In [5] is proved that there are no balanced integral trees of 
diameter  4k+1 where k≥1.  

 
In [9] Híc and Pokorný described the method which helped them to find four integral trees 

of diameter 7. The method was based on joining the centres of two integral trees of diameter 3 
by an edge. In this paper we explain that similar method could not be used to find an integral 
tree of diameter 9. 

In [9] the authors code a balanced tree of diameter 2k T(nk, nk-1, ... , n1), where nj  
(j=1, 2, ... , k) denotes the number of successors of a vertex at the distance k – j from the 
centre. The tree T(nk, nk-1, ... , n1) Θ T(mj, mj-1, ... , m1)  is obtained by joining the centre w of   
T(nk, nk-1, ... , n1) and the centre v of  T(mj, mj-1, ... , n1) with a new edge. This tree is denoted 
by T(n1, n2, ... , nk-1, nk;1; mj, mj-1, ... , m1).  

 
In [5] the following Theorem is proved: 

Theorem A (see [5; Theorem 2.1.] 
Let D be a front-divisor of a tree T and C be the corresponding codivisor. Then 
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where Ti are connected components of T-V(D) and in the case that D has the v1-based loop, T1 
is the connected component of T-V(D) with the u1-based loop valued by -1. (u1 is from the 
centre of T).  
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Notes: 
This Theorem showed that the characteristic polynomial P(C;x) of a codivisor of a tree T can 
be expressed in terms of proper subtrees of T.  
The properties of front-divisors and corresponding codivisors of trees and graphs are 
discussed in [2, 5, 7]. 

2. On Integral Trees of Diameter 9 

Theorem 1. 
Let T(a,b,c,d) Θ   T(e,f,g,h) = T(d,c,b,a;1;e,f,g,h) be a tree of diameter 9. Then the tree 
T(d,c,b,a;1;e,f,g,h) is integral if and only if the following statements holds: 

Corresponding divisor D (d,c,b,a;1;e,f,g,h) is integral. 
The trees T(b,c,d) and T(f,g,h) are integral. 
 

Proof. 
It is easy to verify (see [2, 5 or 7])  that for a tree T = T(d,c,b,a;1;e,f,g,h) the corresponding 
front-divisor D(d,c,b,a;1;e,f,g,h) of T has characteristic polynomial 
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Clearly, the connected components of T-V(D) have the form T(b,c,d),  T(f,g,h), T(c,d),  T(g,h), 
T(d),  T(h),  and isolated vertices. Because of  P(T;x)=P(D;x).P(C;x), the tree T is integral if 
and only if the polynomials P(D;x) and P(C;x) have only integer zeros.                                         �                        
 
We will show that there is no integral tree T(d,c,b,a;1;e,f,g,h) of diameter 9. The proof is 
based on the fact that  

( )( ), , , ;1; , , , ;0 0P D d c b a e f g h bdfh= − <  and ( )( ), , , ;1; , , , ;1 0P D d c b a e f g h > , which means that 

there is a zero of ( )( ), , , ;1; , , , ;P D d c b a e f g h x  in  ( )0;1 . 

c,d,e,f,g,h are larger than 3.  

 
As ( , , )T b c d  is integral, ( )( ) ( )4 2, , ;P D b c d x x b c d x bd= − + + + , and  

( )( ), , ;0 0P D b c d bd= > , then ( )( ), , ;1 0P D b c d bd b c d≥ ⇒ ≥ + + . 
Similarly, as ( , , )T f g h  is integral, ( )( ) ( )4 2, , ;P D f g h x x f g h x fh= − + + + , and  

( )( ), , ;0 0P D f g h fh= > , then ( )( ), , ;1 0P D f g h fh f g h≥ ⇒ ≥ + + . 
 
Let us notice. 
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( )( ), , , ;1; , , , ;1 1 1P D d c b a e f g h a b c d e f g h

bd ad d de df dg dh ac c ce cf cg ch
b be bf bg bh ae af ag ah f g h eg eh fh

bd bde bdf bdg bdh ade adf adg adh df dg dh
deg deh dfh ace acf acg ach cf cg ch
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+ + + + + + + + + + + + +
+ + + + + + + + + + + + + +

− − − − − − − − − − − −
− − − − − − − − − − ceg ceh

cfh bf bg bh beg beh bfh aeg aeh afh fh
bdf bdg bdh bdeg bdeh bdfh adeg adeh adfh dfh

aceg aceh acfh cfh bfh bdfh

− −
− − − − − − − − − − −
+ + + + + + + + + + +

+ + + + −

 

 
After a few simplifications we get 
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− − − − − − − − − − − − − − −
− − − + + + + + + + +
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( ) ( ) ( )( ) ( )( )( )
( ) ( ) ( )( ) ( )( ) ( ) ( )
( ) ( ) ( ) ( )
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1 1 1 0
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We proved that there is a zero of ));,,,;1;,,,(( xhgfeabcdDP  in ( )0;1 , so the tree 
T(d,c,b,a;1;e,f,g,h) could not be integral. 

3. Conclusion 

It is known that there are no integral balanced trees of diameter 9 (see [5]). In this paper 
we prove that there are no integral trees of the type T(d,c,b,a;1;e,f,g,h). The problem of 
existence of integral trees of diameter 9 remains open. 
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